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Abstract. On a threefold with trivial canonical bundle, Kuranishi theory 
gives an algebro-geometry construction of the (local analytic) Hilbert scheme 
of curves at a smooth holomorphic curve as a gradient scheme, that is, the 
zero-scheme of the exterior derivative of a holomorphic function on a (finite- 
dimensional) polydisk. (The corresponding fact in an infinite dimensional set- 
ting was long ago discovered by physicists.) An analogous algebro-geometric 
construction for the holomorphic Chern-Simons functional is presented giving 
the local analytic moduli scheme of a vector bundle. An analogous gradient 
scheme construction for Brill-Noether loci on ample divisors is also given. Fi- 
nally, using a structure theorem of Donagi-Markman, we present a new formu- 
lation of the Abel- Jacobi mapping into the intermediate Jacobian of a threefold 
with trivial canonical bundle. 

1. Introduction^ 

1.1. The problem. This paper computes the local analytic deformation theory of 
three closely related objects on a K -trivial threefold X$. The three are: 

1) Deformations of pairs (Xq,Yq) where Yq is a smooth curve in AV 

2) Deformations of pairs (Xq,Eq) where Eq is a holomorphic vector bundle on 

x . 

3) Deformations of triples (Xo, Sq, Lo) where S is a smooth very ample divisor 
on Xq and L is a line bundle on So whose Chern class is an algebraic 1-cycle on So 
which goes to zero in H2 (Xq; Z). In this case we make the additional assumption 
that 

h 1 (O X0 ) = h 2 (<D Xo ) = 0. 

The special properties of all these local analytic deformation schemes in the 
case of ii-trivial threefolds derive from the (Serre) duality between the first-order 
deformations for fixed if -trivial threefold Xq , given by 

Ext 1 (A, A) , 

and the obstruction space to extension to higher orders, given by 

Ext 2 (A, A) . 
This duality is given by the natural pairing 

Ext 1 (A, A) x Ext 2 (A, A) Ext 3 (A, A) 
coupled with a trace map 

Ext 3 (A, A) -^H 3 {0 Xa ) = C. 
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This point of view is that of, for example, KS|. In case 1), for the inclusion map 
apply 

to the exact sequence 
to obtain 
Apply 

to the exact sequence 
to obtain a surjection 



Rhom 0xo ( ,i*0 Yo ) 

ert 1 (i*0 Yo ,i*0 Yo ) = N YoXXo . 

Rhom Ox0 (i*0 Yo , ) 
0^I Yo ^0 Xo ^i*0 Yo ->0 
uj Yq -> ert 2 (i*0 Yo ,uO Yo ) . 



Since a Koszul resolution shows that eyt 2 (i*0 Yo , i*0 Yo ) is locally of rank 1 we 
conclude 

eyt 2 (uO Yo ,nO Yo ) = lj Yo . 

So 

A = uO Yo . 

In case 2), 

A = E Q 

and the trace map 

H 3 (End(E Q ))^H 3 (O X0 ) 

is the obvious one. 

Finally, in case 3), let 

j : S — >• A 

denote the inclusion and put 

A = j*L . 

Now 

Bhom 0xo (j*L 0) j*L ) = Rhom Ox0 (j*O s ,j*O s ) 

and, as above, 

eyt 1 {j*Os,3*O s ) =N S \ Xo - 

Also 

hom(j*i, j*L) =j*O s . 
The behavior of Lq is reflected at the i?2-term of the local-to-global spectral se- 
quence, namely 

£ 2 ° 4 = H (ttt 1 (j*L ,j*L ))=H (N s \x ) 

El'° = H 2 (hom(j*L ,j*L )) = H 2 (Os), 

and, letting V denote the Gauss-Manin connection, 

d 2 ■ H° (N s \ Xo ) -> H 2 (O s ) 
( » V C ( Cl (L )) ■ 

For more details of this computation (applied to a special case), see the Appendix 
of flKS|. 
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1.2. The setting for curves on X-trivial threefolds. Let 

be a smooth i-T-trivial Kahler threefold. The deformations of Xq are unobstructed 
(see, for example, Q). We let 

(1) s:X^X' 

be a versal deformation of Xq over an analytic polydisk X', that is, the natural 
map 

T x ,\ ^H l (T Xo ) 

is an isomorphism. Let 

F j H 3 = H ifi (X/X') © . . . © # J '' 3 " J ' (X/X') C # 3 (X/X'; C) 

denote the Hodge filtration and let 

n' := dimX' + 1 = h° (fi^J + h 1 (fi^J . 

Let Yo C Xo be a smooth irreducible curve which is homologically ample. By 
this last we mean that there is a family L/X' of smooth curves in X/X' such that 
Lq is disjoint from Yq and 

{Y } = {rL Q }eH 2 (X Q ;Z) 

for some rgQ. We let 

Y' 

denote an analytic neighborhood of {Yq} in the relative Hilbert scheme of (proper) 
curves in X/X'. Let 

p : Y -► Y' 

denote the universal curve and 

ix : Y' -f X' 

the induced map. Then, since the tangent space to the deformation space of the 
pair (X ,Y ) is 

H 1 (T Xo ^ N Yo \ Xo ) , 
which sits in the exact sequence 

(2) - H° {N Y(AXn ) -> H 1 (T Xo - A^) -> i/ 1 (T Xo ) , 

y' can be realized as a closed analytic subscheme of an analytic polydisk 

U' 

of dimension equal to 

n' + h° (N Yo \ Xo ) 

for which there is a smooth (surjective) morphism 

U'->X' 

extending tt above. Abusing notation we denote this extension again as it. Thus 
we have an exact sequence 

-» T x -» ^ ^*T X ' -» 0. 
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By (H) we have a natural inclusion of sequences 
(3) 

- H°(Ny \ Xo ) - H 1 (T Xa -> N YoXXo ) - Hl{ ? Xo) 

^ T ^({Yo},{X a }) ~> n * Tu 'h{Yo},{Xo}) ~* 7r * Tjf 'l({* r o},{X }) 

such that A and are both isomorphisms. 

1.3. Choice of a 3-form. Finally we let 

X' 

denote the analytic manifold obtained by removing the zero-section from the total 
space on the analytic line bundle 

on X' and use 'tilde' to denote base extension by X' / X' , that is, 

X = Xx X iX' 
Y' = Y' x x > X' 
Y = Yx x >X' 
k : U' -» X', 

1.4. The "potential function" $. Our first main goal in this paper is to con- 
struct (shrinking X' and U 1 as necessary) a holomorphic function 

on U' such that, with respect to the exact sequence, 
we have: 

Property 1: The relative Hilbert scheme Y', considered as an analytic sub- 
scheme of U' is the zero-scheme of the section 



of 



ll U'/X'- 



Property 2: Under a natural isomorphism 
F 2 H 3 (x/X') T x , 



X' 

n x , = (W 3 (x/x')) v 

given by Donagi-Markman (see §44 below or §1 of jv|), the section 

d$\y, 

Of 



is the normal function 

r Y/Y ' ~ / 

(4) / : Y' — > (f 2 H 3 [X/X' 

Jr(Lx x ,Y>)/Y> V 
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An immediate corollary of Property 2 is that the image of d$|y, under the 
natural map 

(f 2 h* (u 1 x x , x/u'^Y -> (f 2 h* (x/x')Y 

is Lagrangian with respect to the symplectic structure of Donagi-Markman (again 
see below or §1 of @]). 

1.5. Holomorphic Chern-Simons and Brill-Noether theory. Reacting to a 
preliminary version of the above result for deformations of (Yq,Xq), both Richard 
Thomas and Claire Voisin saw wider settings in which analogous results were true. 
As Thomas pointed out, an analogous theorem, proved below, must hold for defor- 
mations of (Eq,Xq) where the "holomorphic Chern-Simons functional" plays the 
role of the potential function. Additionally, at the author's invitation, Richard 
Thomas authored an additional chapter for this paper explaining the direct link 
between the deformation problem for (Yq,Xo) and that for (Eq,Xq). This is ac- 
complished through an analogue of Abel's theorem, as anticipated in [H. Finally 
Claire Voisin authored an final chapter establishing the analogous results for defor- 
mations of (X ,S,L), the Brill-Noether loci for hypersurface sections of a Calabi- 
Yau threefold. 

1.6. Acknowledgements. The author wishes to thank Sheldon Katz for suggest- 
ing the problem of realizing Hilbert schemes as gradient schemes, and for provid- 
ing the contextual overview presented in the first paragraph of the introduction. 
Thanks also to Claire Voisin for an absolutely critical remark that led to the solu- 
tion of the problem, as well as for the chapter giving the extension to Brill-Noether 
theory. Finally, the author also wishes to thank Richard Thomas for pointing out 
that there should be an analogous construction in holomorphic Chern-Simons the- 
ory (see [DT|, |W|, and §7 of 0) which we treat towards the end of this paper, 



and for his chapter explaining the generalization of Abel's theorem relating the 
holomorphic Chern-Simons functional to the potential function introduced above. 

The author also wishes to thank the Institute for Advanced Study, Princeton, 
NJ, for its hospitality during the period in which this paper was written. 

2. The trivialization F 

Proposition 2.1. Let (0,0) 6 U' represent the basepoint {{Y } , {A }). Shrinking 
U' as necessary, there is a C°° -isomorphism 

(5) F:(U' x x ,X)/U' {a ' id ^ u ' ) X xU' 

such that 
i) 

F l7r-i{(o,o)} = identityx , 

ii) 

is a analytic submanifold for all xq £ Xq, 
Hi) 

o- 1 {Y ) D Y 

iv) 

o-- 1 {L )=Lx x , U'. 
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Proof. The proof is just as in Theorem 13.1 of [Q, using a patching argument on 
local data to construct a convergent C°°-isomorphism 

(U'x x ,X)/U'^X Q xU', 

satisfying i)-iv). □ 

As in Part One of Q, the deformation of d determined by the trivialization F 
is given by an operator 

d-L t 

on X x V where 

ee^(T Xo )®C [[[/']]. 

In fact, by Appendix A of O, the trivialization has the additional property that £ 
is convergent, that is, £ is given by a well-defined holomorphic mapping 

comprised of pointwise holomorphic mappings 

for each x E Xq. By construction, 

An important point to notice is that, if Xyi denotes the ideal of Y' in U' and tn is 
the (maximal) ideal of (0,0) G U' , then 

gives the element in 



tn • Ty 



which is the obstruction to extending the family Y/Y'. (See Q, §11.) Furthermore 
F determines a C°°-mapping 

/ : r x U' -^X x x , U' 

by the rule 

/(«') = F _1 L , . 
We denote the family of C°°-deformations of Y as 

U/U' 

with fibers U U ' which are no longer algebraic curves but simply smooth 2-real- 
dimensional manifolds when u' £ Y' . 
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3. HODGE THEORY IN TERMS OF THE TRIVIALIZATION F 

3.1. The holomorphic 3-form on X/X'. Let ij be an everywhere non-zero global 
section of 

F 3 H 3 {X/X') . 

Abusing notation we shall contiue to denote by rj the pullback of this form to 

F 3 H 3 ((U' X X > X)/U'). 
In Appendix A of Q the trivialization 

F : (U' x x > X) /U' -> X a x U' 



in Proposition 2.1 is constructed the property that 

is a holomorphic family of 3-forms on Xq, that is, is given by a holomorphic mapping 
from U' into the (infinite-dimensional) complex vector space 



A x 



of global C°°-three- forms on Xq, Thus, if T is a fixed 3-chain in Xq, then by 
differentiating under the integral sign, 



j i i 

is a holomorphic function on U' . 

3.2. Abel-Jacobi map. As in Q, we define for the trivialization given by Propo- 
sition 2.1 the "Hodge spaces" 

K p ' q = H q (A^ Q ,d Xo -Lf). 

Then in (cj , Lemma 8.2, it is shown that the C°° -isomorphism F induces the formal 
correspondence 

Here it is important to note that this correspondence is to be understood modulo 
u' where u' is a system of holomorphic coordinates on U' centered at our given 
basepoint {{Yq} , {Ao})-indeed, for q > 0, the Hodge spaces H q (p^ X x x ,u')/U' 
do not vary holomorphically in it'. So writing 



there is an element 



/3eA%®m-C[[U'] 



such that 

(6) i]o+ 13 E K 3 ' 

and, modulo u', 

V = F* (e^ )(no + /9)). 
Also we can rewrite the pull-back of the (relative) intermediate Jacobian 

(F 2 H 3 {X/X')Y 



J(X/X') = 



H 3 (X/X'; Z) 
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to a complex torus bundle over U' as 

J{{x ^ ^ IV) H^n^")^) 

In this last formulation the normal function associated to the cycle 

Y/Y 1 -L x x , Y' 

is given by the restriction to Y' C (U' x X') of the (formal) function 

(7) f ° : e^l ^ (if 3,0 © if 2,1 ) — > C. 
Let r be a rational 3-chain such that 

dr = f - ri . 

So for our choice of r\ above the holomorphic function J r (i* 1-1 )* r/ can be rewritten 
as 

(8) / fe<«l >(r? +/3) 



4. The 'potential function' $ for curves on if -trivial threefolds 

4.1. The tautological section. Following pV| (see §1 of @), F 3 ii 3 (x/X' 
has a tautologial section 

r : (a;', Wj/) i— > 

and, following Donagi-Markman [DM], the Gauss-Manin connection V induces a 
holomorphic bundle isomorphism 



V : 7>, -> F 2 ii 3 (X/X' 

which restricts to an isomorphism 

2>, /JC , - F 3 ii 3 (x/X') . 
Since V is a real operator, we extend (0) to a real isomorphism 



(10) T k , © Tjf, -> F 2 # 3 (X/X') © F 2 ii 3 (x/X') = ii 3 (x/X'; C 
which restricts to 



(R) - H 



(x/x' ; 



4.2. Distinguished coordinates for X'. The isomorphism (||) implies that, for 
our non-zero holomorphic section 770 of F 3 H 3 (Xq), the maps 



(11) 2i= / t- vo 

give distinguished local coordinates for X' centered at (0, 770)- If 
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denotes the framing of F 2 H 3 (^X/X'^j dual to {7i}, ;=1 „/, then we have 

Vr 

axi 



since 

Vr dxi 



dxji dxji 



= Sui. 



Thus under the isomorphism 

(12) {f 2 h 3 (x/x'^y 

induced by (||) we have 

(13) / <-» dij. 



J 7i 

4.3. Definition of $. In what follows we will wish to study the function 
(14) $ : U' -> C 

(a') - (/ r). 



r-tT- 1 (L )nV„ 



For 77 as above, denote 



r 



(15) , n 



Then (041) can be rewritten as 



(F-rr, 



which, by yields 
(16) <P = q I e<«l >(r?o+^) 



The function @ at (0, 0, %) 6 

can be thought of first as a formal power series 
in v! and u', where as above u' is a set of holomorphic coordinates on U' , then as an 
equivalence class modulo the ideal generated by the anti-holomorphic coordinates 
vJ (see 0). Notice that 

X' 

is a C*-bundle over X' . If we denote the (Euler) vector field which is the derivative 
of the C*-action as 

X, 

then by definition, $ is a function on the pull-back this bundle to U' satisfying 

X (*) = *. 

(That is, $ is a section of the dual bundle of U'/U'.) Let VP denote the composite 
function 

(17) F 2 H 3 (X/X'y F 3 H 3 (X/X'y ^ C 
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induced by the inclusion F 3 H 3 (x/X'^j C F 2 H 3 (x/X'^j. If we let 

r u u' 

(18) <p= / eF 2 H 3 (X/X') v 

then 

$ = <f o (f. 

Notice that <p is an extension to {/' of the Abel-Jacobi map 



lr-Lx x ,Y' /Y> 

on Y'. 

Another way to write the function $ is as follows. Use the trivialization F to 
rewrite the operator 



Furthermore, referring to (|llj) and (|12|), we define the coordinates 
for (f 2 H 3 (X/X'^) . In terms of these coordinates, the extension 

-l, r)/ ^s;:,(/ r ((-T^))/ 7( 

of the Abel-Jacobi map on Y' is given by 

d(qe^ > (770 + /?)) 



(20) 



5. Lagrangian submanifold 

Choose local coordinates u' — ({z'j} for t/' where x' is the pullbacks to 
U 1 of a coordinate system on X' . If we denote by x\ the pullbacks to U' of the 
distinguished coordinate system {x^} for A' defined above, then 

a' = ({*;•}, {sa) 

gives a coordinate system on {/'. Suppose the coordinate system it'. is centered at 
(0,0,770). We consider the 1-form 

6 e H Q f ^\ F 2 H3 ^x/x')) x 



induced by (12) and the natural inclusion 

7 . 



where 



; T \, - A' 
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is the natural projection map on the geometric cotangent bundle. Said otherwise, 
under (O) we have 



dxi = 



1 Vt i ► 


u 







F 2 H 3 (x/X 1 ) ^c\eH° ^F 2 H 3 (l/l'))^ 



So the one-form on whose value at the point 

/ l ■ n. 



IS 



En 
Wt {ll*dXi) 
i—1 



corresponds under (12) to the one- form B whose value at the point 

(<*>.(£>/„)) 

is 

En' 
Wi {~p*dx i ) 
1=1 

where 

p: [f 2 H 3 (X/X'^Y ' ->X'. 

Then 

En' 
dm; (p*dxi) 
i—1 

descends to give a canonical symplectic structure on the bundle J (^X/X'^J of in- 
termediate Jacobians. In what follows, we will use the notation 9 and d^f (sec (17) 
for both the one-forms on (F 2 H 3 (X/X' \ ) and their pull-backs to the product 



u' x x > (f 2 h 3 (x/x'Y . 

Theorem 5.1. i) The normal function associated to the family of curves 

(Y-r(Lx x , Y'))/Y> 
is the restriction to Y' of the holomorphic mapping 

Lp:U'^ (F 2 H 3 (x/X'Y 



8j). Under the Donagi-Markman isomorphism 

(f 2 h 3 (i/i')) v sfi^, 

we have the identification 

(f «-> Lp*Q. 

Furthermore, 

ii) The image of U' under the "Abel-Jacobi" map 

U' [F 2 H 3 [X/Xy' 
is "quasi-Lagrangian, " that is, 

v *d<d = d z , (£fe/$). 
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Proof, i) The assertion follows directly from (|21j) and fl20|). Said otherwise, 



by (|19|) and, under the isomorphism 



we have, by (|l3|) that 
ii) 



dxj. 



if*d& = d</6 



□ 



In our distinguished local coordinates we have by (pp| ) that 



9ii 



6. HlLBERT SCHEME 

Theorem 6.1. i) The relative Hilbert scheme Y' in U' is given by the gradient 
ideal of that is, the (formal) germ of Y' at (0,0, 770) is the zero-scheme of the 
section 



ii) The image ofY^ ed under the map 

<p:U' -> (f 2 H 3 (x/X' 



is Lagrangian in the sense that the section ip* (dO) offl 2 y l restricts to zero on Y^ ed . 
(Compare with Q], Theorem 1.12.) 
Hi) For the inclusion 

1 ■ Y' — > II' 

■ red.sra. 

of the smooth points of Y^ ed , we have 

(v>o t )*(e) = d( t * ($)). 

Proof, i) Let m denote the ideal of {0, 0} in 17' . Now 

f I W G (2V ) ® C [[«']] + X r , ■ 4^ (T Xo ) 

and the obstruction to extending Y/Y' to a larger family of curves is the injective 
map 

(23) ti}:^;^Hi(N YoXXo ) 
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induced by £ and the natural map 
Under the isomorphism 



T Xo\y ~ 


-N YoXXo . 


T x/x> ' 


lL X/X> 


c ► 


- (C|r) 



we can reinterpret ( p3| ) as induced by the map 

X Y' _^ ^o.l / £< 



(24) —[L > A ' 1 ( ^ — A ' 1 (o, Y \ ® \y ) 

1 ; m-Iv/ \A 2 /V V , / V y ° ly o ^o\a ; 



given by 

or, equivalently, by 

m • Xy 

since 

LP 

both vanish along u' = x' = 0. 

On the other hand, for the function 

r/(«') 



V, 



r-<7- 1 (i )nX„/ 

when we change z' and leave x' constant, there is no change in the complex structure 
or holomorphic 3-form t x > on X x i nor in the position of a^ 1 (Lq) n X x i. Only the 
position 

Yz>, x > := a' 1 (Y Q ) D X x , 
moves in X x i. Thus, for a real parameter t we have 

9$ Jy , , Vx' 



Here, as in §3 of 

1] {z',x')+ lj {z',x') 
is the real vector field which is the derivative of the family of diffeomorphisms 

F (z>,x>) ° F (z'+ts } ,x>) '■ X x> Xx> 

at t = 0. Recall now that 

(F- 1 Y(r ] ) = eM( z '' x ')\)(r ]0 + P(z',x')) 

so that 

^ r (z' ) x') = q(x') / (\ k (z',x')\e(t(^*')\ )( Vo + /3(z',x / ))) 
OZj j Yq \ / 

where 

Xj (z',x') = (i^- ,*')),, (t^',*')) 



(25) ^ r (z',x') = q(x') I (A J -( 2 ' ) ^)l(C(^^)l(% + /3(/^'))»- 
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is again of type (1,0) by construction. Thus by considerations of type, we obtain 
Finally we can consider 

>(% + /?) 

as a section of fi\ji/x' by sending ^p- to 
(26) / (Ai| (£| (r? + /?)» 



Considering the functions y26| ) modulo m • Xy, , they can be rewritten as 

;A, (0,0)| (£| (% + /?)». 



'r 

By (||) the normal vector fields 

A, (0,0) 

give a basis of H° (N Yo \x )- So we obtain functions 







(27) 

which, modulo m • 2V, , are equivalent to 



« / (a, (o,o)i (ei (% + /?))) 



The injectivity of the map fl23|) (rewritten as (|24|)) then implies that the functions 

(Xi (0, 0)| <f| (% + /?)» 



generate 



m • Xy/ 

and so, by Nakayama's lemma, generate 

Xy,. 



ii) By Theorem 5.1ii), 

v *dQ = d z ,(d £ ,$) 
= -d(d z ,$). 

But using i) we can conclude that 

(image of d z i<& in ^^,) \ Y , = 0. 
So the image of ip*dQ in Vfc, is 

'red.sm. 

d [image of d z i$ in D,^, = 0. 

iii) By Theorem 5.1 
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and by the proof of ii) just above the image of l lies in the zero-locus of d 2 <$. So 

(</)oi)*e = 

□ 

7. The holomorphic Chern-Simons invariant 

The potential function $ above is closely related to a variant of the functional 
(4) of ]DT[ ]. (Sec also §7 of To explain this connection, suggested to the author 
by R. Thomas, we proceed as follows. Let Eq be a holomorphic vector bundle on 
Xq (for the moment Xq can be any compact complex manifold) and 

7T : £ V -> X 

the dual bundle. For example, Xq could be a if-trivial threefold and Eq could be 
such that, computing its Chern classes as algebraic cycles modulo rational equiva- 
lence, 

(28) Cl (£J ) - 

c 2 (E ) = {Y Q }-r{L }. 

Let 

p-.U'^X' 

be a smooth morphism of polydisks as above, but this time let the fiber dimen- 
sion of p be h 1 (End (Eq)), the embedding dimension at {Eq} of the local analytic 
scheme parametrizing holomorphic vector bundles on Xq. We can compute defor- 
mations of the pair (Xq, Eq) as follows. Let End (Eq) denote the sheaf of trace-0 
endomorphisms so that 

End (Eq) = O xo © End (E ) . 

We call the symbol map 

S>i (E ) End (E )®T Xo 

followed by the projection 

End (Eq) <g> Tx -» End (E ) O T X[) 
the reduced symbol map. Call the kernel of the composition 

2>+ (Eq) . 

We have the exact sequence of left O^-modules 

0-» fl [(^)-»S)J(^)-»Tx o ->0. 

We consider sections of Eq as functions / on Eq which are complex linear on fibers. 
For any locally defined C°°-vector field (3 of type (1, 0) on Xq we can lift to a vector 
field ft on Eq such that 

7T* (/?t) £ A° (Z\ (Eq)) . 

The tangent space to the deformations of (Xq,Eq) is 

H 1 (©I (So)) 
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induced by the reduced symbol map. It sits in an exact sequence 

(29) H 1 (End (E )) -» H 1 (®\ (E )) -» H 1 (T Xo ) . 
Let 

be the 9-operator for the complex structure on the total space of Eq . The action of 
8q on functions and forms pulled back from X gives the 9-operator for the complex 
structure on X . We fix a C°° -trivialization 

F : X -> X' x X 

with corresponding Kuranishi data £x'- We embed the first-order deformations of 
(Xq, Eq), which are parametrized by H , into an artinian subscheme of U' in a way 
compatible with the exact sequence (^9|) and the differential of p : U' — > X' at (0, 0). 
Next take a maximal extension Ey j (Y' Xy X) of this first-order deformation of 
(Xq, Eq) over an analytic subscheme Y 1 of U' . Analogous to the deformation of the 
pair (Yq,Xq) considered earlier, Kuranishi data 

(30) d - L e 

associated with this maximal formation of (Xq, Eq) corresponds to a C°°-isomorphism 
of vector bundles 

E := F* (Ou> B Eq) -^U O w B Eq 

(31) I I 

U' x x > X ^ P'xIq 

such that 

Ey :— E\y, Xx' X 

has a complex structure induced by the <9-operator (|3(]). Since locally in Xq, 
C f = d (ic.fl) for some vector field ft on E% with ic*ft G A (sj (S )), ft i s 
a holomorphic mapping 

ft : C7' - A 0,1 (S )) C tt*^ ® T S v 

lying over (the pull-back to U' of) Kuranishi data f for the trivalization F of X/X'. 
The scheme V' is then defined as the maximal solution scheme of the equation 

(d -L e ) 2 = 0. 

Next we fix a hermitian metric on Eq and, pulling back the hermitian metric on 
Eq via (|3l|), we induce a hermitian structure on E. Let 

V :A° (£ )^A° (Eq®T^(Xq)) 

be the metric (1, 0)-connection for the Kahler manifold Xq and the given metric. 
So. in particular, 

vr = 9 

and, with respect to a local holomorphic frame eo of E, the hermitian structure is 
given by a hermitian-matrix-valued function H and 

Vj<° (e ) = (dH ■ H- 1 ) • e = V (eo) ■ 
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Abusing notation, let Vo also denote the pull-back of the connection Vo on Eo via 
the product structure on (Ou> Eo) / (V x X ). By B we have 



VS'° : A° Xo (E a )®C{[U'}}^e^\ > (a 1 ^ (E ) ® C[{U'} 



o 

V"- 1 = d :A% o (E )®Cl[U']]^A¥ (E )®Cl[U']}. 
For a local holomorphic section s (vf) over Y' we have 

(V -%)( S K)) = Vj'° (s(u>)) 

so that 

V := Vo - L e t =: d + L a 
is a (1, 0)-connection. By this we mean 

v ai =a - V 

As in Lemma 8.2ii) of 0, the integrability conditions for the almost complex 
structure given by (<9o — i^t) on are given by the vanishing of the tensor 

The critical remark is therefore that the (0, 2) component of the curvature form R 
defined by 

is simply the obstruction tensor 

whose vanishing defines Y'. 
Also 

dw/x' (do ~ L V ) = da ' 1 e A$ /x , ® A x ] {End (Eo)) 
induces the isomorphism 

(32) T w/x ,\ ({Xa}{Eo}) ^H\End(Eo)) 

determined by the first-order deformations of Eo with Xo fixed. If as above 
{ z'j ,xJo/)} are a system of holomorphic coordinates on U' we have 



dz' 6 



where { ||r } is a basis of i/ 1 (End (Eo)). 

As before, the maximality of Y' implies that the map 

(34) {R°> 2 } : (-^rX ^H 2 (End(E )) 



m ■ Tyi 

is injective. For a minimal generating set {gk} of ly, Nakayama's lemma says that 
the gk are linearly independent in — ^ and so we can write 

(35) {(G-T^ 2 }=E S 
for a partial basis {^fc} of H 2 (End (Eg))- 



' k 
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Now we return to the situation in which Xq is a if-trivial threefold. Following 



DT] define the holomorphic Chern-Simons functional as follows. For each fixed 
u' = (z',x') e U' embed [0, 1] in U' via 

(36) [0,1] -» U' 

t i-> (tz',x') 

and form the connection 

V U ' : = V(t z ', x ') + d t 

= Vo - I/ft(t z ',x') + 

on 

([0,1] -^aO xx' X. 

Definition 7.1. The holomorphic Chern-Simons functional CS\> a (vf) on U' is 
given by the formula 



CS Va (u r ) = J t A Qf (i?^ A i?„') 



where 



We can decompose i? u < by type to obtain that 

2 s (0,2),0+(0,l),dt 



((Vj-% +d t 
is given by the expression 

*o-(^-^])-£. 



2„ -r—rdt. 



So by type 

(37) (£(6*6)*)°* = »jf (E^sQ a (a**- i [«•.?])* 

where the £t and i? 0,2 under the integral sign are functions of £ via the map (|36|). 
Definition 7.2. We define 

$23t(«') :=^ Do (V,r) 

where Do is a "base" (1, 0)-connection on Eq and the right-hand expression is the 
holomorphic Chern-Simons functional associated to the variation G* (V) of the 
connection G* (Vo) on the bundle 

G* (E x U') 

over 

X x x > U'/U'. 
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By ( |37| ) it is computed as CSd (Vo, t) + CSy (V, r) where 
CS Vo (V,t) = [ 

J X X([0, !]•«') 



(raR) A (G^ 1 )*^) 

2 / E 4 f tr (ifr A i?0,2 (*«') J * A ^ <?l } fa> + /?) 

2 / E ■ 4 T ir ( A ( tu 'n dt A fa> + p) ■ 

Jx i J a \ oz j J 



and, as above, r is the tautological (3,0)-form on X/X' and /3 and 5 are is as in 



As before, 
where we consider 



i?°' 2 («') gffl.Iy/. A U '" (Xq 



0,2 



as in (34). And so, modulo m 2 • ly', we have 



$ OT ECS Do (V„,r) + gV.z;f tr ( 7T7 ( 

^3 Jx„ 



°^ V) Ai? ' 2 («') ] A 770. 



Thus since Serre duality of i? 1 (End (Eg)) and if 2 (.End (Eq)) is expressed by the 
pairing 

tr ( I ) A ry 

Vo 

we have by ( |33| ) and (35) we have modulo m 2 ■ 2yv that 
*nT=CSno (V ,r) + 9 V f V / % (0) 



Mfe ) z« 9k - 



So, modulo m • ly we have 



- = ^E, ife ( 



<9z' 



where, by the injectivity of (B4J), the matrix 



tA 



7(0) 



is of maximal rank. 

Nakayama's lemma then gives an alternate proo f of the result, established inde- 
pendently by Witten and Donaldson-Thomas [DT], that Y' is the zero-scheme of 
the section 

of 



U'/X' 



Tjurin's construction in §7 of Q of an Abel-Jacobi map 

y'np- 1 ^)^ (f 2 h 3 (x )Y 
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is given via (||) by 

d u^DT\y, n? - 1{0} ■■ y' n p- 1 (0) - (f 2 h 3 (x )) v . 

Since we are in a relative setting, we can use the isomorphism (^) to give a more 
general definition of an Abel-Jacobi or normal function map. Namely 

and so, via (||), 



8. Relation between $ and $£>t, an analogue of Abel's theorem (by 

Richard Thomas) 

There is at least one setting in which $ and $dt are exactly the same. Let Eq be 
a C°° rank-2 complex vector bundle with a fixed trivialisation of its determinant; 
thus its determinant has a natural holomorphic structure 

det^o = O xo . 

For most of this section we may assume that Xq is any compact complex 3-fold. 
Choosing a hermitian structure on Eq reduces the structure group of Eq to 17(2); 
the choice of a distinguished 

leH (0 Xo ) 

and a hermitian metric compatible with this (i.e. such that 1 has constant unit norm 
in the induced metric on A 2 Eq) further reduces the structure group to SU (2). Thus 
Eq has the structure of a (left) quaternionic line bundle with the multiplicative 
group 

H* = (0, oo) x S 3 

of the quaternions 

a b 
—b a 

acting on the left on Eq. This H-structure is determined by left multiplication by 
j which is given by the equations 



: a, b S 



(Notice that multiplication by j 



(j-*) -L s 

(j • s) A s = \\s 

-1 

1 



2 



is not C-linear.) The proof of the 



equality of $ and $dt is exactly parallel of the classical proof of Abel's theorem 
in which C is replaced by H. Every SU(2) connection 

D : A° Xo (E ) -> A 1 ^ (E ) 

is quaternionic, that is, commutes with the left H*-action. Thus the connection is 
completely determined by its value on a single non- vanishing section, just as is the 
case for C-line bundles. For any locally defined non-zero C°°-section s of Eq there 
is a unique S'J7(2)-connection Dq on Eq such that 



Then we also have 



D ( S q) = dI'° (s ) 8 D*' 1 (s ) = 0. 



Do (j • so) = Dl'° (j • so) © D*' 1 (j • so) 
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If Eq has a holomorphic structure given by the del-bar operator do (on sections 
of Eq), and sq is a holomorphic section of Eq with zero scheme Yq which is smooth 
of codimension 2, then there is a unique H-connection Dq over Xq — Yq for which 
So is flat. Dq is not necessarily a (1, 0)-connection. We compute 



So A (do -Do 1 ' 1 ) (j -so) - So (so Aj- s ) 



do (\\soW 



so that, in terms of the basis (so, j • so) we have 



- Dq 



0.1 











a do II -so II' 



o 



o 



* <9 log||so|| 

So for any (1, 0)-connection Vo, in terms of the basis (so,j • so) we have 

" 



(38) 



* 5 log||s | 
A 0A . 



Then for any (3,0)-form r, the Chern-Simons functional CSVo (Dq,t) is given by 
the expression 



(39) 



since 



Xq-Yq 



tr (A ' 1 aOqA^ + ^A ' 1 )^ A- 



(V 2 o) - 2 =K = Q. 



By fl3q), this reduces to 
2 

~3 



Xq-Yq 



do log||s | 



A3 



At = 0, 



and so by the basic additivity CSa(C) = CSa{B) + CSb(C) of Chern-Simons 
functionals, 



(40) 



CS Vo (D u ,,t)=CS Do (D u ,,t) 



for any connection D u i . 

Pick a family of sections {s u '} u / e[/ / of Eq (not necessarily holomophic with re- 
spect to any del-bar operator now), with zero set Y u i . If there happens to be a finite 
del-bar operator d u ' with respect to which s u < is holomorphic, then these will also 
equal the holomorphic Chern-Simons invariant of d u i , by the above computation. 
Now D u i — Do can be computed as follows. 

-l 



/ 



u °0 



is a C°°-function on Xq — (Yq U Y u i) with values in the multiplicative group 
Then 



= D u ,(f-s ) = df-s + f-D u ,s 



Du'So 



-r 1 • df ■ so 
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and since H-connections are determined by their values on a single section 

D u ,-D a = -r X -df 

= -fig- 1 -tig) 

for the invariant one-form 



9 = 



a b 


-l 


a b 




• d 




—b a 




—b a 



on W. Then 

= d(g- 1 -g) = (dg- 1 ) ■ g + g' 1 ■ dg 

so that 

d {g^ 1 ■ dg) = -g^ 1 ■ dg ■ g~ x ■ dg 
and, since Dq is integrable ((Dq) 0,2 = 0), we have the formula 

(41) CS Do (D u ,,t) = ^trff-i-dfADotf-i.dfi-^if-^df^AT 

= -\J x rtr((g-i.dg) AS )AT. 

But 

*r ((0- 1 ■ dg) M ) 

is the pull-back to H* of the invariant 3-form on S 3 which generates H 3 (S 13 ) and 
becomes exact on 

S 3 -{1} 

so that, on H* we have, for some non-zero constant d that, as distributions, 

tr ((g- 1 ■ dg) A3 ) ~ d [ . 

K ' J(0,oo) 

Pulling back via / we therefore have by (|4l| ) that 

(42) CS Do (D u *,t) = c [ " t. 

Here we integrate over the 3-chain / -1 (0, oo), which indeed bounds Y u i — Lq. This 
is of course the complete analogue, for rank-2 vector bundles on threefolds with 
trivial determinant, of the classical Abel's theorem for line bundles on curves. 

Suppose now that Xq is a Calabi-Yau threefold, and Yq C Xq is a disjoint unions 
of smooth elliptic curves, and Y/Y' is as above the maximal deformation of Y"o- 
Since i? 1 (Ox ) = = H 2 (Ox ), Serre's construction gives a unique holomorphic 
rank-2 vector bundle E Xx'Y' over X Xx'Y' via the extension 

-> XXx ,Y' -» E x X ' Y' -» 1 y ,xx x ,y' -» 0. 
Here we assume that 

E x X ' Y' 

is the restriction to X Xx> Y' of some C°°-vector bundle E on X Xx> U' . Since 
H 1 (Eq) = 0, all sections extend and so this family is a maximal holomorphic 
deformation of its restriction Eq over Xq. Then 

det (Ex x > Y')=0 XXxI y> 
and E Xx'Y' has a section s whose vanishing scheme is Y . 
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Construct a C°°-trivialization 

F : X x x > U' -> X x U' 
such that the maximal deformation Y/Y' of Y satisfies 

Y C F- 1 (Y x U') 
and then construct a compatible trivialization 

G: E ^ E xU'. 

We can assume that we have chosen this trivialization so that G o s is given over 
F' by 

s u / = (s X) • 

Then, for the hermitian structure pulled back from Eq, we have the hermitian 
connection D u > defined above (such that D u is u > = = D u >(j ■ s u >)) inducing the 
possibly singular del-bar operator D^, 1 . By (j40|) we have CSyj (D u t) = CSd„(D u '). 
We therefore have by that, for u' e U' , 

$ DT (<&') = $(<&') - $(0,0). 

Differentiating we have 

<I<Pdt\y' = , 
that is, that the two Abel-Jacobi maps coincide. 

9. a relative gradient scheme structure on the noether-lefschetz 

locus (by Claire Voisin) 

Let Xq be a Calabi-Yau threefold. Let Lq be a very ample line bundle on Xq. We 
are assume that H 1 (Xq; Ox ) = H 2 (Xq\ Ox a ) = so that there is no obstruction 
to deforming Lq with Xq. We are interested in the deformation theory of the triple 
(Sq, Xq, A) where 

So Xq 

is the inclusion of a smooth member of |£o|, an d 

is an integral cohomology class on Sq which is both vanishing (annihilated by j*) 
and of type (1,1). Notice that we have an orthogonal decomposition 

H 2 (S ; Q) = image (f) © H 2 (S Q , Q) van , 

and that, by the assumption that H 2 (Xq; Ox ) = 0, the first term, namely image (j*), 
is made of classes which stay of type (1,1) under any deformation of the pair 
(Sq,Xo). Hence the restriction to vanishing classes is not really restrictive. 

The locus of the pairs (So,Xq) such that there exists a non zero A as above is 
called the Noether-Lefschetz locus. It splits locally as a countable union over all 
A's of the locus where the locally constant class A remains of (1, l)-type. This last 
locus is called the component of the Noether-Lefschetz locus determined by A. 

We make it now more precise. The deformation space of the pair (Sq,Xq) is 
smooth: indeed the deformation theory of Xq is unobstructed, Lq deforms with 
Xq (uniquely since H 1 (X ; Ox ) = 0,). And, since by Kodaira vanishing we have 
H 1 (Xo;Lq) = 0, i > 0, the sections of Lq deform with Xq. Hence we get a vector 
bundle over any local deformation space X' of Xq, with fiber H°(X x i , L x i) over 
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x' e X', and the deformations of the pair (S, Xo) are parametrized by a Zariski 
open set of the projective bundle 

VH°(X/X',L) X' 

with fiber FH (X X ,,L X >). 
Let now 

[/' C PH°(X/X',L) 

be an open ball giving the local deformation space of (So,Xq). As above we have 
a smooth morphism 

U' -» X' 

u' i— > x' = a;' (u') . 

Over U' , the local systems 

H S,Z,vam H 3,X,S,Z 

with fibers H 2 (S U > , Z) van and H^(X x i, S u >, Z) respectively, are trivial. Choose A G 
H 2 (So, Z) van ) <~] H 1 ' 1 (So) . The class A provides a locally constant section (A u / 
of iJj % van and inside U', the Noether-Lefschetz component determined by A is the 
scheme 

U[ = {u'eU', \ u , eF 1 ^^)}, 

where F' denotes the Hodge filtration. This is also equivalent to the condition 

\ u i _L H 2,0 (S U '), 

where the orthogonality is with respect to the intersection pairing. 
Next identifying via Poincare duality H 2 (S u >;Z) van with 

ker(j*) : H 2 (S U ,;Z) ^ H 2 (X X ,;Z), 

the exact sequence of relative homology provides a surjective map of local systems 

d : H 3 , X ,S,Z -> Hs,Z,van- 

Hence the section (X U ')u'eU' lifts to a section 

{lu')u'eu' S H 3i x,s,z- 

Note that the homology class which is Poincare dual to \ u > is represented by 
a closed differentiable 2-chain z u > in S u > which is homologous to in X x i, and 
that such a lifting 7„/ is provided by a differentiable 3-chain T u i in X u > (varying 
continuously with u') satisfying the condition 

dT u > = z u >. 

As above let 

U' — > X' 

be the deformation spaces of the triples (So,X , rj) where tj is a non-zero holomor- 
phic (3, 0)-form on X - U', resp. X', are C*-bundlcs on V, rcsp. X'. Furthermore, 
as above there is a tautological section r of the line bundle 

H 3 ' C H x , 

where Tt 3 ' , Ti? x are the Hodge bundles associated to the family of deformations of 
X parametrized by U' or X' . Notice that up to this point, everything on V is 
pulled-back from X' . This is why we use the same notation. Consider now on U' 
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the Hodge bundle T~L x /s associated with the local system with fiber H 3 (X u > , S u < , Z) . 
There is a natural bundle map 

■ K x,s - > n x 

on {/'. Now we observe that since each r„/ 6 7J 3 '°(X U /) vanishes on S u /, it lifts 
naturally to a class in H 3 (X U >, S u >; C). Hence we get a natural lifting 

Trel £ 7~tx,S 

of r. This section r re ; is easily seen to be in F 3 7i x s where F' here is the Delignc- 
Hodge filtration on relative cohomology. Denoting by <,> the pairing between 
H 3 (X u i , S u > ) and H3 (X u > , S u > ) , we have now a function $>bn on U' which is defined 

by 

$BN =< Trel, 7 > ■ 

Here 7 is the pull-back to U' of the section ('fu')u'eu'- Notice that more concretely, 
our function can be written as 

®bn(u') = J T, 

where T u > is a differcntiable 3-chain defined above. 

We can now state the following analogue of the results in the previous sections: 

Proposition 9.1. i) The junction <&bn is holomorphic on U' . 

ii) The inverse image U' x of U' x C U' is equal to the relative gradient scheme 
associated to the function <&bn on U' — > X' , that is 

U'x = V(d , /X ,<S>BN) 

where ll V v denotes the vanishing scheme. 

Proof, i) This follows immediately from the formula 

(43) $ S JV =< T re l, J >, 

where 7 is a fiat section of the local system H 3 x,s,z. pulled back to U', while T re i 
is a holomorphic section of the bundle TL 3 X s . 
ii) Differentiating the equation fl43|), we get 

where V is the Gauss-Manin connection on the Hodge bundle H x s on U'. So it 
suffices to understand 

^u'/x ,Trel e ^ii'/x' ®1~Lx,s- 
The long exact sequence of relative cohomology provides us with a long exact 
sequence of Hodge bundles on U', 

n_/'2 3 nil * , -T/3 / n_/3 

Hx ~> ri s -> ri x ,s -> ri x , 

where the map i is Poincare dual to the map d already considered. We have need 
the following lemma: 

Lemma 9.2. 

V 0l/x ,Trel €nl, /x ,®i(F 2 Hl) 

Furthermore, the map 

^U'/X' T rel ■ T U'/X> ~> i (^^I) 
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is surjective. 

Admitting this lemma, we conclude the proof of the proposition as follows: We 
have 

where 

aen\ JI/]t ,®i{F 2 n 2 s ) 

is surjective as an element of Horn(Tfj, ^ X , : F 2 TL 2 S ). Since i is dual to d it follows 
that 

< dfr/x'Tret,! > = < Ot,d^ > = < a, A >, 
where the pairing in the second and third terms are the intersection pairing on 7i|, 
and A is the pull-back to U' of the section (A u >)u'eU' of Hg z van . 

It follows that the vanishing of djy, / x ,$bn at a point v! over vl E U' is equivalent 
to the vanishing of 

< a(C), K> >, 

for any £ E Tfj,i x , -, . But since a is surjective, this is equivalent to the vanishings 

</i,A„, >= 0, V/i E H 2 '°(^), 
which provide exactly the equations defining the locus U' x . □ 



We next prove Lemma 3.2: 
Proof. By Griffiths transversality, we have 



On the other hand, since f(r re i) = r is pulled-back from X', the differential 
Vgy /x' T rel vanishes. Hence we have 

/(V[ fVl ,T re! ) = V^,r=0 1 

so that 

On the other hand, we have 

F 2 H 3 X , S n image (i)=i(F|W|). 

Hence 

which proves the first statement. 
It remains to see that 

V(j, /x ,Trei ■ Tfj, /X , -> i(F 2 H 2 s ) = F 2 H 2 S 

is surjective. We claim that at a point u' = (u',t^/) E I/', this maps identifies up 
to sign to the composed isomorphism 

H°(S u ,,N Sul/x J H H°(S u ,,Kx x ,®N Su , /Xx/ ) = H°(S U ,,K S J. 

To see this, let F := U'~, be the fiber of the map U' — > X' passing through u' . Then 
F identifies to the fiber of U' —> X' passing through u', that is, to an open set 
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of F(H°(X x r, L x /)), and the map rj u / is given along F by contraction with a fixed 
r\ £ H 3 ' (X x r). Let us consider the universal family 

S C F x X x ,. 

The form pr\rj 6 H a (£l 3 FxX ) vanishes under restriction on each fiber of this family, 
hence provides at u' an element of flp ® H°(S U > , 0| ; ) = i?om (Tp, H°(S U > , fi| J) 
given by 

(44) C^(C'|(^| S J), 

where C G Tf, U ' and £' is any C°° -lifting of ( in 7s| g ; . It is a standard fact that 
up to sign, this element is equal to Vf (77), where Vp here is the Gauss-Manin 
connection on the bundle of relative cohomology TL X s restricted to F, 

So we have found that Vj? (rj) £ Vtp (g) F 2 TL 2 S is computed at vf as the map (Q) . 
Notice that here £' is any lifting of £ and, in particular, the right hand side can be 
computed using local holomorphic liftings of £ in T$ ■ But if a is a local defining 
equation for S, we can take for £' the vector field 

C = (C,o)-(o,i/), 

where z/ is a vertical vector field in f x X, which is normal to 5 and satisfies 
da{v) = da(C, 0). For this choice we have that 

(C\(prlv\ Sul )) = -(v\(v\s„,))- 
Now we note that the map which to C associates v 6 iVg , jx , such that 

da((,0) = dcr(» 

is exactly the identification of 2V )U < with H (S u >, Ng ,/x 1 )i an d that the map 
which to ^ associates — / v\ \ T)\ S ,^ y S is exactly the adjunction isomorphism. 
Hence our claim is proved. This concludes the proof of the lemma. □ 

To complete the parallel with the results of the previous sections, we now relate 
d&BN along the Noether-Lefschetz locus with the Abel-Jacobi map. Note first of all 
that along the Noether-Lefschetz component U' x , the class A is the cohomology class 
of a divisor D\ on the surface S u i, which is well-defined up to rational equivalence, 
since under our assumptions, the surfaces S u i are regular. This divisor, or 1-cycle, 
becomes homologous to in X x i , hence provides a cycle 

Z\ = (jti')t (-Da) S CHi(X x >)hom, 
which has an Abel-Jacobi invariant 

Next, as in ([)]) there is a natural identification 

(45) Vr : T x , = F 2 H 3 (X/X') 
and dually 

Q x , S F 2 H 3 (X/X') V , 

which we can pull-back to U'. 
We have now 
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Proposition 9.3. At the point vl £ U\, with images x' £ X' and u' £ U' , the 

differential 

identifies via the above isomorphism to a lifting in F 2 H 3 (X X >) V of the Abel-Jacobi 
invariant tp x '(Z\) £ J(X x i). 

Proof. We have 

d$BN =< VT re ;,7 > . 

But the right hand side is equal to 

J (Vr rei ). 

We now use the fact that /(Vr re ;) = Vr and the fact that the integrals 

/ M, M e s u , 
•/r t 

vanish on i(F 2 7i 2 s ,) = ker / to rewrite this as 



d$ BJV ( ? i , )= y vt(«' 



But this means exactly that, via the isomorphism ( fig ) given by Vr, the differential 
d$BN(u') £ Clj^, ~, identifies with L ^ £ i 7 ' 2 ff 3 (Xa;') v . Since the boundary of the 
chain T u i is equal to any diffcrentiable chain associated to D\ by triangulation, the 
last term is by definition the Abel-Jacobi invariant of Z\ £ CHi(X x i)} lom . □ 
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